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Abstract. In this paper we consider the geometric behavior near infinity of some Ein- 
stein manifolds with Weyl curvature belonging to a certain LP space. Namely, 
we show that if {X",g), n>7, admits an essential set and has its Weyl curvature in 
for some 1 < p < , then {X",g) must be asymptotically locally hyperbolic. One 
interesting application of this theorem is to show a rigidity result for the hyperbolic 
space under an integral condition for the curvature. 
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1. Introduction 

During the last three decades there were lots of interesting works on the asymptotic 
behavior of Ricci flat metrics with integral bounds on curvature. See e.g. [3] and |H]- 
These works gave an nice intrinsic characterization of asymptotic locally Euclidean (ALE) 
manifolds. Inspired by these works, we want to study a similar problem in the context 
of asymptotic locally hyperbolic (ALH) manifolds. The ALH case appears much more 
complicated than the ALE case in both geometric and analytic parts. As an example, the 
rescaling argument which is very efficient in the analysis of the asymptotic behavior of 
ALE metrics does not work in the ALH case because the model is the hyperbolic metric 
which is not scale invariant. Another complication arises from the Mobius group of S" 
which allows cuspidal ends. To rule out such ends, we need to assume that the manifold 
(A", (7) admits an essential set (see [3^ for more details): 

Definition 1.1. A non empty compact subset D of a complete noncompact Riemannian 
manifold (A",^) is called an essential set if 

1. D is a compact domain of A" with smooth and strictly convex boundary B := 9D, 

i.e. its second fundamental forms with respect to the outward unit normal vector 

field is positive definite. 
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2. D is totally convex: there is no geodesic 7 : [a; &] — s> X such that 7(a), 7(6) G D and 
7(c) ^ D for some c G [a; 6], 

3. the sectional curvature of (X", g) is negative outside D. 

Assuming that {X^\g) is hyperbolic the existence of an essential set is equivalent to 
the requirement that {X"',g) is convex and co-compact. More generally, it can be shown 
that conformally compact and Cartan-Hadamard manifolds admit essential sets, see [TT] . 
Together with assumptions on the rate of convergence of the sectional curvature to —1 
at infinity, the existence of an essential set has been used to prove the existence and the 
regularity of a conformal compactification of the manifold (X", 5) in [H [21 [T51 [T5] . 

In what follows we define p : X — M as the distance function from D: 

In [5], it has been proven that, if D C X is an essential set, p is smooth function and 
has no critical point. This implies that the region X" which is outside the essential set D 
is diffeomorphic to [0, 00) x B. 

In this article we want to investigate the behavior at infinity of some Einstein manifolds 
with Weyl curvature belonging to a certain space. In particular, we show that they 
are asymptotically locally hyperbolic Einstein (ALHE) metric outside the essential set D, 
meaning that seCg+l = 0{e~°'P) for some a > 0. In contrast with the ALE case, the 
major difficulty in the ALH setting is the lack of sharp global Sobolev inequalities which 
are crucial in applying Moser iterations in the ALE case (see e.g. [3], [5]). 

However, we observed a nice L^-estimate for the Laplace operator acting on 4-tensors 
satisfying properties analogous to those of the Weyl tensor for manifolds of dimension 
greater than 5, see Lemma 12.121 below . Thanks to this lemma and combining other tech- 
niques, we were able to obtain the following result (See also Theorems 13. 4p : 

Theorem 1.2. Let {X"',g), n>7, be a complete noncompact Einstein manifold with 

Ric = — (n — l)g. 

Assume that A"" contains an essential set D. We denote W the Weyl tensor of the metric 
g. If \\W\\LPi^x",g) < 00 for some p £ (l; ■^^^) , then there exists a constant C such that 

|Rm-K| < Ce-("+i)^. (1.1) 

Here Rm is the curvature tensor of the metric g and K the constant curvature tensor 
with sectional curvature —1 with respect to metric g, i.e. 

'K.ijki = - [gikgji - 9ij9ki) ■ 

Since (A", g) is Einstein and has a lower bound on its injectivity radius, it will become 
apparent that W G L°°. As a consequence if W G for some p G (1, 00), W G L'' for all 
q > p: the smaller p is, the more stringent the assumption. 

This result turns out to be very useful to prove rigidity theorems. In particular, assum- 
ing further that the manifold X is simply connected at infinity forces (A, g) to be isometric 
to the hyperbolic space (see Theorem l4.1l) . We also give a variant of this theorem for static 
spacetimes together with a rigidity result in Section 

We are interested in this article only in complete noncompact manifolds whose curvature 
will be shown to tend to —1 at infinity. Hence, we will always use the shorthand Einstein 
manifold^^ to denote manifolds (A",g) satisfying 

Ricg = -(n - 1)5. 



EINSTEIN MANIFOLDS WITH WEYL CURVATURE IN L" 



3 



Einstein metrics construeted in [T3], [12] and [S] satisfy |W| < Ce^^''. In partieular 
W E LP for any p > . The case p = is more delicate and we plan to address it in 
a future work. Nevertheless Theorem 13.31 shows that Theorem 11.21 remains true for n > 5 
and p < ^^^Y^ in the important case of conformally compact metrics. 

In the ALE case, the curvature behavior at infinity which is the analog of (jl.ip is 
obtained by a Moser iteration where a global Sobolev inequality is involved. However, as 
mentioned above, in the ALH case such a kind of global Sobolev inequality is not true (see 
[12j for an illustration of this fact). Hence, we use a variant of the maximum principle to 
get Estimate (jl.ip . This is where the assumption n > 7 appears. It is also interesting to 
compare Theorem II . 2 1 with [SI Theorem 0.13] and [H Theorem 1.5]. 

Let us describe the main arguments that lead to Theorem 11.21 First, we note that if 
{X",g) is Einstein, its Weyl tensor satisfies the following well known equation: 

AW + 2{n~l)W + 2Q(W) ^0, (1.2) 

where A is the Laplace operator acting on tensors and Q is a quadratic expression in the 
Weyl curvature tensor. See e.g. [2] for a derivation of this formula. Setting 

Q can be written as follows: 

Qa/B-fS ■— Ba^-^S + ^07^5 — Bpa-fS — BpSa-j- (1-4) 

Note that we are using the Einstein summation convention. Due to the L^-bound of W, 
we see that W is small near infinity. Hence, intuitively Equation (|1.2p is almost equivalent 
to the following linear equation: 

AW + 2{n-l)W = 0. (1.5) 

By some careful analysis, we are able to show an spectral estimate of the Laplace 
operator acting on Weyl-type tensors (see Lemma 12.121) . Together with a refined Kato 
inequality and other some other techniques we achieve the proof of Estimate (II. ip . 

Some applications of Theorem 11.21 are considered in this paper. Namely, by Theorem 
ll.2l we are able to show a rigidity theorem for ALHE manifolds with Weyl tensor belonging 
to LP. We also get the curvature behavior of vacuum static spacetimes with a negative 
cosmological constant. See Theorems 14.11 and 14.21 for more details. 

The rest of the paper goes as follows. In fj^jwe get some basic L^-estimates for the Weyl 
tensor. Then we show how these estimates can be converted to pointwise estimates in 3S1 
Finally in 21 we discuss some applications of Theorem 11.21 

Acknowledgements The authors are grateful to Professor Jie Qing, Dr. Jie Wu and 
Dr. Xue Hu for their interest in this work and for many enlightening discussions. 

2. Basic Estimates 

The main purpose of this section is to prove Lemma |2 . 1 51 which gives a spectral estimate 
of some (0, 4)-tensors on asymptotically hyperbolic Einstein (AHE) manifolds with an 
essential set. It will play an essential role in the proof of the main theorem. 

In particular, Lemma [2.151 will be used to show that if || W|jiP(xi,g) < oo for some 
p e (l, ^^), then ||W||l2(X",3) < oo. Moreover if n > 6, we have ||et''W||L2(X",g) < oo 
for some positive a. See Proposition 12 . 1 7l for more details. 
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We choose once and for all a complete noncompact Einstein manifold {X'^,g) containing 
an essential subset D. We first introduce some estimates for a Riccati equation that will 
be useful for the analysis of the normal curvature equation. Similar results have been 
obtained in [23l Lemma 2.3]. See also [T] [2l [T3l [T6] . 

In all this section, we use Greek letters to denote indices going from to n — 1 and 
Latin letters for indices from 1 to n — 1. Unless otherwise stated, we use the Einstein 
summation convention. For any i? > 0, we denote 

Br ■.= {xeX,dg{x,V) <R}, 

and 

Eji = p-\R) 

a slice of constant p. 

Lemma 2.1. Let s be a positive constant. Assume that f{p) is a smooth positive function 
of p > such that \ f{p) — 1| < £■ Assume further that y is a solution of 

y' + y' = f 

satisfying 

y(0) > 0. 

Then y satisfies 

\y-l\<e-''/'\y{Q)-l\+e. 

Proof. We claim that y > 0. Indeed, if there exists p such that y{p) < 0, we can find some 
Po satisfying y{po) = and y{T) > for any r G (O.po). In particular this implies that 
y'ipo) < 0. But 

0>y'{po)+y\po) = fipo)>0, 
which is a contradiction. Next, we set z = y — 1. The equation satisfied by y implies the 
following one for z: 

(z2)' + 2(y+l)z2^2z(/-l). 
In particular, since we noticed that y > 0, we have 

{z'y + 2z'<2z{f-l)<z' + {f-lf. 
This inequality can be integrated to yield 

\z\ < y/z^O)e~P + e^ < \z\{0)e-P/'^ + e. 

□ 

We want to find nice coordinate charts to apply Schauder estimates. We choose to 
use harmonic coordinates. We refer the reader to [15) and references therein for more 
informations. Let Q > 1 and a G (0; 1) be arbitrary. Since the injectivity radius rj of 
{X^,g) is strictly positive (see Lemma \T2\ below), there exists a constant vh > such 
that, given any point xq € X"', there exist harmonic coordinates y^,...,y'^ on the ball 
Br fj{xo) in which the metric g satisfies 

r Q-^S <g<QS, 
\\\9-S\\ci^.<Q-l, 
where S = dy^ ® dy^ + ... + dy" (g) dy" is the flat metric. 

Lemma 2.2. Assume that (X", g) satisfies || W||iP(X",g) < for some p G (l;oo). Then 
the injectivity radius rj{x) is bounded from below by some positive constant on (X"',g). 
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Proof. The injectivity radius of ri{x) a point x & X is a, positive continuous map from 
X to M!i_ U {oo}. Hence it is bounded from below on D by some tq. Assume that there 
exists a point a; S X \ D whose injectivity radius is less than We can assume that any 
point y with p[y) < p{x) has injectivity radius strictly greater than Then there exists 
a geodesic 7 : [0; 1] X of length tq such that 7(0) = 7(1) = x. 

The function ^07 is convex and cannot be constant. Indeed, if p{^{t)) > 0, {po^)"(t) = 
> 0, with equality iff 7 is colinear to \7p. So ^(7(1/2)) < p{x). Consider now the 
geodesies 71 and 72 defined on the interval [0; 1] by 



71 (0 = 7 



72 (i) = 7 



l + t 
2 

1 - t 



They are two geodesies starting at 7(1/2) and ending at x, both of length This 
means that 7(1/2) has injectivity radius less than ^ and contradicts the definition of 
X. □ 

Lemma 2.3. // we further assume that \\W\\lp{X" ,g) < 00 for some p € (1; 00), then the 
Weyl tensor W of {X'^,g) tends uniformly to zero at infinity. 

Proof. In harmonic coordinates, the metric g satisfies an equation of the form 

R-iCjj = -^g'^^dkdigij + Q{g, dg) 

where Q is an expression which is quadratic in dg, see e.g. |21j . Since g is Einstein, 
KiCij ~ ~{n — l)gij, we get by standard elliptic regularity that there exists a constant C'l 
such that 

Thus we get a bound 

||W|| / X < C2. 

From W G Lf{X",g), we get that for any small p > there exists R> such that 



(/ mpdvA<p. 

As a consequence, for any a^o S M \ 13 ji, we have that 



Select q e (f,oo), q > p arbitrarly. From Young's inequality, there exists /3 G (0,1) 
such that 

L^[b,^^(.o)) Lp(^B.^^(xo)j ' 

From ]2] , the Weyl tensor satisfies an equation of the form 
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AW + 2{n - 1)W + 2Q(W) = 0, 
where Q was defined in Equation (|1.4p . Therefore from the interior Schauder estimates, 
we get 



l|W|| 



< c 



l|W| 



L9|B2^ (2:0) 

3 H 



IIQ(w)|| 



where we used the fact that ||W|| 



B2^ (xo) 



< C2 to estimate the quadratic term. □ 



For simphcity we may use Fermi coordinates {x^, . . . , x"^^) on the shces Sp. We denote 
Sij the components of the second fundamental form of Sp in this coordinate system. It is 
well known that the following equation holds; 



-Rm" 



OiO' 



(2.1) 



where the index refers to the unit normal direction of Sp, that is to say Vp. We define 
the mean curvature of T,p hy H = g^-' Sij = 5"^. Since g is Einstein with scalar curvature 
—n{n — 1), the Riemann tensor can be written as follows: 

Ruiapis = — {gajgps — gasgpi) + Wq^.^^. (2.2) 

Combining Equations (j2.1l) and (j2.2D with Lemma [2.31 we get the following lemma: 

Lemma 2.4. Let H be the mean curvature of the hypersurfaces of constant p. If\\yV\\LP(^x",g) < 
00 for some p G (1; 00), then H = {n — 1) + o(l). 

Proof. We fix an arbitrary e > 0. From Equation (j2.2p . the Riccati equation for the 
Weingarten operator (|2.ip can be rewritten as follows: 

d 



dp 



From Lemma [2.31 there exists po > such that |W| < £ on X \ Dp^. It follows from 
standard methods (see e.g. [21] Chapter 6]) together with Lemma [2. II that S satisfies 



15-51 < sup|S'-(5| 



-(p-Po)/2 



on \ Dpo- In particular, H = tr(5) is controlled at infinity: 

\H-{n-l)\ <{n-l) {sup\S -S\] e-^P-P°'>/^ + {n-l)e. 

Since e was arbitrary, this proves the lemma. □ 

As a consequence of this lemma, we get the following L^-estimate: 

Lemma 2.5 (Cheng- Yau estimate). Assume that ||W||iP(X",g) < 00 for some p e (1; 00). 
For every e > 0, there exists a compact subset Kg, D D such that for any u £ C^{X \ Kg^), 

■(n- 1)2 



X 



uAu dVg > 



U^dVn. 



X 
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Proof. We set tp = e Remark that if pa is large enough, H > (?i — 1) — on 

n-l„ \ 

We rewrite 

Au = A 



Aoj „ / , ,w \ „ w 
^-w + 2 ( ) + (^A-. 

(/? \ (^/ 



So, 



uAudVg^-[ —u^dVg~2[ u (dip,d-\ dVg - [ u(pA- dVg 
>(^^I^—^-e\( u^dVg-2f u/d^,d-\dVg 



(d{uip),d- ) dV, 



a 



>[ ^''y^ ^e)f u^dVg- f u(d^,d-)dVg 



if I du, d— ) dVg 



g 



dVg 



J Jx\Op„ JxxOpg 

□ 

As noted in [TJ and [H], this simple estimate immediately yields an estimate for the 
covariant Laplacian acting on tensor fields by making use of Kato's inequality. Unfortu- 
nately, this estimate is not sharp enough to get useful estimates. In [12], Lee mainly deals 
with symmetric 2-tensors. In order to get sharp estimates he considers r-tensor fields as 
(r — l)-tensor-valued 1-forms. However our interest is in tensors which can be seen as 
A^X-valued 2-forms. Some new observations are needed. Let us begin with the following 
definition: 

Definition 2.6. We say that a (0,p + 2)-tensor u belongs to A^'T*^A, if it satisfies 

"^(^1) ^2; ^1, • ■ ■ -Zs,-'' , Zp) 

= —^^{Yi,Y2;Zi,--- , Zs-i, Zi, Zs+i, ■ ■ ■ , Zi-i, Zs, Zi+i, ■ ■ ■ ,Zp), 



for every Yi , I2 , ^1 , 



Zp G TX and any pair s, I with 1 < s < ^ < p. 
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It can be easily shown that m local coordinates {x'^) a (0,p + 2) — tensor u G ApT*^X 
can be written as 

ui = ^ojuuai---a dx^ ® dx" (g) (dx°'^ A • • • A dx""), 



where the coefficients 

~ '''' ^x'^' fe''' ' ' dx' 

satisfy 



d d d d 



^/ii^ai ■ ■ -a; ■ ■ -Qs ■ ■ -ftp — ^/^i^ai ■ ■ -Qs ■ ■ -a; ■ ■ -Qp (1 ^1; ^ ^ ^ J*)- 

For any local orthogonal frame {e^} and dual coframe {e^}, the exterior derivative 
D : C°°{X;APT*^X) C°°{X;AP+^T*^X) 
on T*^X-valued p-forms is given by 

Du} := e'' A Ve u 

for every oj € ApT*^X. It is standard matter to check that D does not depend on the 
choice of the frame {e'^}, see e.g. [5]. This can be seen as a consequence of the following 
proposition which gives an intrinsic definition of D: 

Proposition 2.7. If oj e ApT*'^X, then 

p 

Duj{Xi,X2;Yo,--- ,Yp) = ^ (-l)"(Vy„c^)(Xi, X2; Fo, ■ • • ,Y^,---Yp), 

m=0 

for any Xi, X2, Fq, • • • , Fp e TX. 

Proof. Choose a point x G X and an orthonormal frame {e^} such that Ve^ — Ve^ — 
at x, where {e'^} is the coframe dual to {e^}. For a. ut E ApT*'^X, lo can be written as 

^ = ^cj^.;aia2-ape^ «> ® (e"^ A e"^ A • • • e""). 
Then computing at x, 



Dijj = e" h Vp 



-e" A Ve„ K.;aia,...ape^ ® e"" ® (e"i A e"^ A • • • e"")) 
-e" A (Ve„w^.;a,a,...ap)e^ 6"® (e^^ A e"^ A • • • e"") 
^(Ve„C^^.;a,a,...ap)e'^ c'' ® (e" A A c"^ A • • • e""). 



Hence 
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= (^E(-l)™e'^(>;«)(Ve 



= ^(-i)™e-(r„)(Ve„c.)(ro,-- - ,Y^,---Yp) 

m=0 

= X^(-ir(Vy„C.)(yo,-- - ,?,n,---yp). 
m=0 

□ 

Let Z?* be the formal L^-adjoint of D. If w G ApT*'^X, we define the divergence of uj, 
div Lo e AP-^T*^X, as foUows: 

n 

div c^(Xi,X2;ri,--- ,rp-i) ^(Ve,„o.)(Xi,X2;e„,ri,-- - 

m— 1 

In local coordinates, that is 

(div Cj) ^i/;q]^ Q2 ■ ■ - Qp- 1 — V7'^/i,i/;(5ai ■ ■ -ap — i ■ 

Proposition 2.8. On ApT*'^X, D* = - div . 

Proof. Select arbitrary 61 e ApT*^X and a; G Ap-IT*^^ with compact support. Then it 
follows from Proposition 12.71 that 



ea^^tJ.u;ao---Sm---ap-i ) dVg 



IM / /l^ Ve^^u;^i^;Q,(j...Q^...Qp_j«l'g 



m— 



'■'fj.u;ao---am---ap^idVg 



I (-div 6l,cj}dFg. 



□ 



We define the Hodge Laplacian on T*^X-valued p-forms ApT*'^X as follows 

A := DD* + D*D, 
and the covariant Laplace operator on w G ApT*^X by 
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Aco = tr(V^a;), 

where the trace is taken with respect to the two indices of the Hessian. 
Proposition 2.9. Ifu G T*'^X, then Aw = -Aw. 

For a 1-form 9 € T*X, we let OV : ApT*'^X Ap-'^T*^X denote the adjoint of the 

map 0/\ : Ap-^T*'^X ApT*'^X with respect to g, so that {6 ALO,rf) = {co,e\/r]) for 
w G APT*'^X and ry € Ap+^T*'^X. In coordinates, 

{9 V io)^^-ai---ap-i = g'''^9jUJfj,^-Sai - ap-i- 

For any ^ € ApT*'^X and any function u, we define H{u)^ as 

H{u)^:={Wl^,^u)e^A{e-^VO. (2.3) 

Proposition 2.10. Let oj e ApT'^X and f he a function. We have 

1. Difto) = JDuj + dj A w; 

2. D*{ftj) = fD*uj -dfV Lu: 

3. D*{df Alu) = -{Afiuj -V^^uj - df A D*uj + H{f)uj; 
Proof. 

1. According to the definition, 

Difto) = e^AV.Jfco) 

= fDoj + df Auj; 

2. In local coordinates, 

-D*(/w)^^;ai...ap_i = -div(/w)^^;ai...ap_i 

= — fi'''^''(/V-ya;(;i,^;5c«i---ap_i + V-y/a;(;i,^;5ai---ap_i) 

= -/divW - g'^^'^afoJ^u-Mi-ap-i 

= fD*UJnv;ai...ap-i — {df y u:)^iv;ai...ap-i'-, 

3. 

m— 1 

£>*(c(f Aw)^i.;ai...ap = -div((i/ A 

= -g'^^'^-yidf A W)^^;5ai-ap 



P 



m=l 

+(-l)"(V„„,/)V^w^,;5ai...s;;:...aJ 
{{-Af)w - Vv,w + -dfA D*uj)^^,^,. 
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4. 



rn — 1 \ 



s—l,Sy^m 



+ (V.„/K.;„„...S;;;...„^(V""/K^^"--'"-"'') 



s— l,S7^m 

p p 



m=l s=l,s =^m 

= M/nc.|2-|4fvc.p. 



□ 



The following lemma is taken from [THl Lemma 7.9] 



Lemma 2.11. For any smooth compactly supported section ^ of A'^T*'^ X , and any positive 
function ip on X , the following integral formula holds 

(f,AO> / A^ + 2i/(log^)0)dK,. 

Here (•, •) is the induced inner product of tensor bundles and (•, •) is (•, •) dVg. 

As in [ini Lemma 7.10] and ^Ul Lemma 2.2], we also have the following result: 

Lemma 2.12. Let be a complete non-compact Einstein manifold of dimension 

71 > 6. Then for every small £ > there exists a compact set Ki(s) such that the following 
estimate holds for any smooth section ^ of A^T*^X compactly supported in X" \ Ki{e): 



(n-5) 



2 



C{n,e) 



IClWg. 



Proof. We let {e^}, < fi < n he a local orthonormal coframe of g such that ep — dp. 
This implies that {ci}, l<i<n — lis tangent to Ep. For convenience, we also denote 
g = dp^ + gij{p,9)dx^dx^ . We denote e' :— jf^rji- We set 

Arguing as in the proof of Lemma 12.41 we get that if po is large enough, 

\S-S\<e', 

on X \ . Restricting ourselves to X \ Dp^ , this implies that 
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1a (n - 5)^ n - 5 ^ 

~ 4 2 ^ ^ 



and 



n — 5. 
2" 

n — 5 , 



Vg_^l0g(^2 = 0, 
Vo,o(log'^2) 

= 0. 

From these estimates, we get that, for any f which is compactly supported in X \ Dp^, 



(2i/(log^2)e,0 = (2V,%(log^2)e^A(e^Ve),0 
= 2V2_,(log^2)(e^VC,e^V0 
= 2V2, ,,(log^2)(e've,e^' V0 

> -(2(n-5) + (n-5)£)(C,0- (2-5) 
Here we have used the fact that 

n — 1 71—1 

Eie'ver<Ei^''vei' = 2ier, 

i=i fj.=a 

for ^ e A^T^X. Combining equation p.Sp and p.4p and Lemma [2in we have 
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2,... 



This proves the lemma with Ki{e) = Dp^. □ 

Note that a (0,4)-tensor oj such that uj{-, ■; Fi, F2) = •; I2, ^l) for any Yi, F2 G T-'f , 

can be considered as a A^X-valued 2-form, i.e. u! € A'^{X, A'^X). In the remaining of this 
section we will consider such (0,4)-tensors. The following lemma gives a Weitzenbock 
formula relating the covariant Laplacian on such tensors to A: 

Lemma 2.13. For a section uj of K^{X,k^X), 
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-Rm^'^^^WQ/Spy + Rn/^''5a;i./3^T. + Rm^^^^Wa^^-,. 

Proof. Note that the last two indices of are considered to be the 2-form indices. By 
Proposition 12. 8[ Proposition 12 . 71 and some direct computations, we get 

{D*Dio)afiyS = -V{Dio)a0f,^s 

{DD*Uj)ap^S = {D*UJaps)-i — {D*UJaPj)s 

Then, applying the Ricci identity, 

4 

^(5^7^ai ■ ■ ■a4 ^7^(5^ai ■ ■ -04 — ^ ^ ■■■as- 1 f^Qs + i ■■ -0^4 R^ as^S^ 

s=l 

we finally get 

— Ric'^^Wa^i/7 + Rm''-y'^5'^a,9M!^ ~ RlUct'^'^i'^i'/SMT ~ Rm^g^'^^Waiy^^. 

□ 

Definition 2.14. We say that a 4-tensor uj belongs to S'* if it satisfies the following three 
assumptions: 

1. UJaPjS = —^l3a-fS, 

2. UJafijS + Wa75/3 + (^aSPi = 0, 

3. LOap-fS = ^^5aP- 

Furthermore, if u is trace-free, meaning that g^'^ujijki — 0, we say that cj G Sq. 

Note that any element of belongs to A'^{X,A'^X). Combining Lemmas 12.121 and 
12.131 we obtain the following estimate: 

Lemma 2.15. Let {X"\g) be an n-dimensional Einstein manifold containing an essential 
set D with n > 5. Then for every e > there exists a compact set K2{e) D D such 
that the following estimate holds for any smooth A-tensor w £ Eq compactly supported in 
X^\K2{e): 

dV, > (^^^^—^ + 4 - C(n, e)) J^^^ \u;\' dV,. 

Proof. From Lemma [2.31 there exists a compact set K2{s) D D such that 

\\Rm-K\\L^i^X'-\K2{e)} = l|W||ioo(X"\K2(j)) < £• 
By a direct computation, we have 
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~RTLn/^^'ujaPtj.u + R'ni'^^^'-'-ujiypfj^s + Rm^^^^WQi^^a = -Uaps^ - t^-ypaS - ^ayiss + 0{euj) 

= 0{eoj). 

Using Lemma [2.131 together with Lemma [2.121 we get: 



(n-5) 



4 



> I \ujfdVg + 2{n~l) \ujfdVg-C{n,e) \ujfdV, 



□ 



Remark 2.16. By a density argument, it is not difficult to see that Lemmas l2.5l and [2.15l are 
still true if we replace the condition that u or w has compact support by m G Wq''^(X'^\Ki) 
(resp. Lo e ■ (X" \ K2)). Here the subscript means that u (resp. w) has vanishing 
trace on dKi (resp. 8X2). 

Our next goal is to make use of the above estimates to get weighted L^-estiniate for the 
Weyl tensor. More precisely, we have: 

Proposition 2.17. Suppose that {X",g), n > A, is a complete noncompact Einstein 
manifold with an essential set D. // || W||iP(X".g) < 00, with 1 < p < then 

W^h^X^^g) < 00. 

Furthermore if n > 6, we have \\e^''y^\\w^.^iX" .g) < 00 for any a G [0;n — 5). 

Before giving the proof of this proposition, we need to make a preliminary definition. 
Formula (|1.4p together with Equation (|1.3p define a quadratic map from S"* to itself. We 
define the associated symmetric bilinear map as follows: 

This map enjoys the following nice property: 
Claim 2.18. For every f G S^*, we have 

(Q(w,w),0-(c^,Q(?,w)). 

Equivalent ly, the map uj n- Q(W, w) is symmetric. 
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Proof. The proof is a straightforward calculation; 
{Qiuj, W), = (c^^^^^W^^.^ + ^^%W^^,.5 - u;''/„W^^.5 - u;''/,W^„.^) T''^' 

= 2L.^/^W^^,4r^^* + r^^^) 

where we used the first Bianchi identity, Property 2 of Definition 12.141 to get the fourth 
line. Under this form, the claim becomes clear by swapping 7 (resp. 5) and /i (resp. 
v). □ 

Having made this definition, we can give a proof of Proposition 12 . 1 7l 

Proof of Proposition \2.17\ We remark that ii n < Q, p < < 2. Hence, from the 

fact that W G L°°, which was proven in Lemma [2.31 we conclude that W € L^. As a 
consequence, we now restrict our attention to the case n > 6. We also assume that p > 2. 
For an arbitrary 6 € R and using Holder inequality, we get 

2 p-2 

e-''P ml dV, < (^J^^ \Wf^ dV,^ " (^^^ e-^^^dV,^ " . (2.6) 
Note that the second integral appearing in the right-hand side can be rewritten as follows: 



e'^'^dVg) =Vol(I]))+ / e"^'' iSpldp, (2.7) 
IX" J Jo 

where |I]p| denotes the area of E^. Using Lemma [2.41 we get: 



7 n 

■Ep|= / HdVg = {n-l + o{l))\j:, 



dp 

Integrating this differential estimate, we obtain 



r^nliT' IT n — 1 — 

p-2 



In particular. Integral (j2.7p converges if and only if n — 1 — < 0, that is to say 
b > — 21^. From Equation (|2.6p . we conclude that 

e-^^P\W\ldVg <oo (2.8) 
for any b > - 

We now select e > to be fixed later and a cutoff function x which vanishes on 
K2 = K2{£) and which equals one outside a larger compact subset K2 D K2{e). We set 
W := x^- We remark that W satisfies the following equation: 

AW + 2{n-l)W + 2Q{W,W) ^ 0, (2.9) 
where is a tensor belonging to Eq and whose support is contained in supp(Vx) C K2\K2. 
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For any compactly supported Lipschitz function /, we have 



y{fw) 



dVa 



X 



dVg + 2 I f (Vf (E)WyW)dVg 

. 2 



X ^ ' Jx 



iv/r 



w 



dVa 



V{fW),W)dVg+ / |V/| 

X ' JX 



W 



f{W,AW)dV, 



X 



iv/r 



X 



W 



dVn 



dVa 



X 



2(n-l)/ W dVg + 2 f'(W,QiW,W))dV, 



f(W,9)dVg+ / |V/| 



w 



dVa 



X ^ ' Jx 
Since fW is compactly supported in X \ K2 , we conclude from Lemma 12.151 that 



4-e 



X 



W 



' dVg < 2(71 ~1) j^f\w\\Vg+2 (W, Q(W, W)) dVg 



- / .f{W,9)dVg+ / |V/r 
From the fact that |W| < e on X" \ K2, we conclude that 

(n-5)2 



W 



dVn 



W 



dVg<^ f'(W,e)dVg+ / |V/r W dVg. (2.10) 



X 



By a simple density argument using Inequality (j2.8p . it can be shown that Estimate 
(Pm)) still holds for any function / such that /, |V/| = 0{e-''P) for some 6 > ^ - 
We choose / = /_r(p) where fn. is a 1-parameter family of functions defined as follows: 



fR{p) 



"J'P if p<R, 



It is easy to see that these functions are Lipschitz continuous and satisfy /, |V/| — 
0{e^^P). From the fact that jV/p = a^p ii p < R and jV/p = b^p if p > i?, we finally 
get: 



(n-5)^ 



- C{n,e) 



W 



dVa 



X\On 
2 



W 



dVa 



< - I p{w,ejdVg. 

(2.11) 

Choosing b < ^^^y^, which is possible since — ^^^^ < and e so small that 

i^^^ -b^ - Cin, e) > 0, we finally get 



(n - 5)2 



- C(n,e) 



[ e^'^P 






w 


'dVg<~j^ 









(2.12) 



EINSTEIN MANIFOLDS WITH WEYL CURVATURE IN L" 



17 



Letting R tend to infinity, and upon reducing the value of e so that ^' — a?'—C{n, e) > 
0, we finally get 



f g2ap 




2 


w 


dVg < oo 









This ends the proof of Proposition 12. 171 □ 

3. POINTWISE ESTIMATE FOR THE WeYL TENSOR 

In this section, we assume that {X^,g) is an AHE manifold with Weyl tensor satisfying 
||W||LP(x,g) < oo for some p < Note that on Einstein manifolds we always have 

W = Rm — K. The main purpose of this section is to give a pointwise decay estimate 
for W. We achieve this by two steps: first, we get the estimate by assuming is a 

C^'^-conformally compact Einstein manifold. Obviously, even in this case the result has 
its own interests. Later, we remove the condition of C'^''^-regularity and try to obtain the 
pointwise estimate of |W| in more general situations. Unfortunately, due to some technical 
reasons mentioned in the introduction, we have to assume n > 7 in this case. 

We begin by recaling the definition of a conformally compact manifold: 

Definition 3.1. We say that (X, .g) is a C'^^" -conformally compact manifold if 

• there exists a smooth manifold X with boundary dX whose interior is X: X — 
X\dX 

• and for some defining function x,g = x^g extends to a C'^ " metric on X, 

where a defining function x is a smooth function x : X ^ hR+ such that a;^^(0) = dX 
with 7^ at every point of dX. 

Furthermore, assuming that seCg — > — 1 at infinity, the function x satisfies = 1 

on dX. C'^'^-conformally compact manifolds whose curvature tends to —1 at infinity are 
called asymptotically hyperbolic. We refer the reader to |19| and references therein for more 
details on these manifolds. 

In order to get the pointwise decay of W which is mentioned above, we need the following 
lemma, which was observed in [24J. 

Lemma 3.2. Suppose that {X"',g) is a conformally compact Einstein manifold of regu- 
larity . If its conformal infinity is conformally fiat, then 

|W| = 0(r"+i) 

where r is the defining function determined by some conformal infinity. 

Here is the outline of the proof of the above lemma. We refer the reader to [23] for 
details. Straightforward calculations yield that if an Einstein metric g is at least 
conformally compact, then the sectional curvature in X satisfies 

secg = -l + 0(r2). (3.1) 

The most basic and important fact about asymptotically hyperbolic manifolds is that a 
conformal infinity {dX, go) determines a unique defining function r in a collar neighborhood 
of dX such that 



g^r "^{dr"^ +gr), 
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where gr is an r-dependent family of metrics on dX with gr\r=o = do- See e.g. [18] . It 
follows from the work of Fefferman and Graham [T^ that the Einstein equation implies 
the following asymptotic expansion for the metric g. For n even, 

9r = .90 + 3(2)'"^ + (even powers) + g(„_2)''""^ + 5(n-i)f ""^ + 
where the are tensors on dX and g(n-i) is trace- free with respect to go. The tensors 
(/(j) for j < n — 2 are locally formally determined by the metric go, but g(n~i) is formally 
undetermined. For n odd the analogous expansion is 

gr = 90+ g(2)r'^ + (even powers) + fcr""^ logr + 5(„_i)r""^ + 
where the 5(j)'s are locally determined for j < n~2, k is locally determined and trace-free, 
but g(n~'i) is formally undetermined. 

Due to Theorem A in [9], we know that if [X"^ ,g) is a conformally compact of regularity 
and its conformal infinity is smooth, then in fact (X",(7) is conformally compact of 
order C°° if n is even or if n is odd and A: = 0, where fc is a conformally covariant tensor. 
Therefore according Fefferman-Graham expansion, we can get |W|g = 0(r"+^) if the 
conformal infinity is locally conformally fiat. 

Theorem 3.3. Suppose that (X",^) is a conformally compact Einstein manifold of di- 
mension n > 5 and of regularity C^'^ for some fi G (0; 1). // we further suppose that there 
exists p G (l; -^^y^] such that \\^\\Lv{x^,g) < then 

|W| = 0(r"+^), 

where r is some special defining function. 

Proof. Let r : X — > R be an arbitrary defining function for the conformal infinity dX of 
X and let g = p^g be the compactified metric. We denote with a bar quantities associated 
to the metric e.g. W denotes its Weyl tensor. By assumption, 5 is a C^''^ metric on 

'x^xyjdx. _ 

We first note that |W|g = l^lg' ^ consequence. 

Since g is C^'^, W is a continuous 4-tcnsor. From the fact that p < the function 
of p appearing in the integral on the right-hand side blows up faster than p~^ when 
approaching dX. As a consequence, if this quantity is to be finite, this impose that W = 
on dX. 

From the Fefferman-Graham expansion of the metric g, we immediately see that the 
second fundamental form of dX in the manifold X vanishes. 

If 5 denotes the metric induced on the conformal infinity dX , it follows from the Gauss- 
Codazzi equations that the Riemann tensor Rm of 5 is equal to the restriction of Rm to 
T{dX). We denote P and P the Schouten tensors of the metrics g and g. From the 
decomposition of the Riemann tensors 

J Rm = 5©P-f W, 

\ Rm = g®P + W 

it follows that 

W = W + (p - p) © g. 
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Since W = on dX, we conclude that 

W = (p - p) © 

which implies W = because the two sides of the equality belong to orthogonal subspaces 

of j:\dx). 

As a consequence, we have proven that dX is locally conformally flat. The theorem 
follows from Lemma [XH □ 

Finally we remove the condition C^^^-regularity to give the pointwise estimate of |W|. 
According to Proposition 12.171 we get weighted L^-estimate for the Weyl tensor. Using 
Lemma [2751 we are able to show the following theorem: 

Theorem 3.4. Suppose that {X"',g), n > 7 is a complete noncompact Einstein manifold 
with an essential set B. // ||W||x,p(X",g) < oo for some p G [l; -^^y^), then 

|W| < Ce-("+i)''. 

An essential element in the proof of this theorem is [THl Theorem 1.2] which we recall 
here for the sake of completeness: 

Proposition 3.5. Suppose that {X",g) is a complete Riemannian manifold with an es- 
sential set T). If the Riemann tensor satisfies the following assumptions: 

|Rm-K| = 0{e-''P), 

|VRm| = 0(6-"") 

for some constant a > 2, then there is a smooth closed manifold dX and a smooth structure 
on X ~ XUdX, such that setting x = e~^ and extending it by zero on dX, x is a defining 
function for dX and the metric g = x^g extends to a C'^'^ metric on the manifold X for 
some /i G (0; 1). That is to say {X,g) is C'^'^ -conformally compact. 

Proof of Theorem \3.4\ We will assume that n > 8 and indicate the modifications for n = 7. 
The first step is to obtain an exponential (pointwise) decay of |W| at infinity. To this end, 
we set Wi '■— e°''^W for some a > to be chosen later. From Equation (jl.2p . Wi satisfies 

AWi = (Ae"'')W + 2 (Ve'^'', VW) + e'^^'AW 

= [a^ + {n- l)a + o(l)] Wi + 2ae'^^VvpW + e^^AW 

= [a2 + (n-l)(a-2) + o(l)] Wi+2ae'^''VvpW-2Q(W,Wi), (3.2) 

where we used Ap = H = n — 1 -\- o(l) (see Lemma [2.41) . Next, we compute A|Wip in 
two different ways at any point where |Wi| ^ 0: 

A|Wip ^ 2 (|V|Wi||V |Wi|A|Wi|) 
^ 2 (|VWi|V (Wi, AWi)) 

= 2(|VWi|V [a^ + [n - l){a - 2) + o{l)] |Wip 

+2ae"'' (VvpW,Wi} ~2(Wi,Q(W,Wi))). 

As a consequence, we get the following equation for |Wi|: 

|Wi|A|Wi|-[a2 + (n- l)(a- 2) + o(l)] [Wil^ = |VWi|^-|V|Wi|| ^206^"'' (VvpW, W) , 

(3.3) 
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where we used Lemma [23] to get (Wi,Q(W,Wi)) = o(|Wip). 

The following refined Kato inequality holds for the Weyl tensor of any Einstein manifold 
(see e.g. [7]): 



77 — 1 

|V|W|| < |VW|. 

' ' " ~ 77^ + 1 ' 

We are going to take advantage of it to estimate the right-hand side of Equation 
We first remark that 

iVWil^ = e2"''|VW|V2ae2'^''(VvpW,W) +a2e2'^^|Wp, 

|V|Wi||^ = e2"''|V|W||V2ae2"''(Vvp|W|,|W|) +a2e2''^|W|2 

= e2'^''|V|W||Vae2'^''Vvp|Wp +a2e2'^^|Wp 

= e^''''|V|W||V2ae2'^^(VvpW,W} +a2e2''^lWp. 

Therefore, using Inequality (j3.4p . we get: 

IVWil^ - iVlWill^ > -^e^^P IVWI^ 
n — 1 



(3.4) 



(3.5) 



Next, using Young's inequality, we remark that 



2ae2°''(VvpW,W) > 



2«P IVWP - ^^a^e^'"' |W|'. 



n - 1 " ' ' ■ ' 2 
Thus Equation p.3p yields the following differential inequality: 

77—1 



|Wi|A|Wi|- [a2 + (n-l)(a-2)+o(l)] |Wi|^ 



> 



|Wl|^ 



We select a — 5-- The previous inequality becomes 



n— 3 ' 



A|Wi| > 



1 (77- 1)(377 - 11) 

2 77 -3 



0(1) 



|Wi|, 



(3.6) 



(3.7) 



at any point where |Wi| > 0. Note that when 77 > 7, a < ^^H^ so from Proposition 12 . 1 71 

Wi e L"^. We claim that iM^il < Ce'^P. Indeed, set b := + 5 for some small (5 > 0. 
Then we have 



A 



1 (77- 1)(377 - 11) 



2 71-3 
Select e > such that 



3-"" = - 



1 (77 - 1)(77 - 5)2 



77 — 3 



+ o(l) le-^" 



1 (71-1 n-5)2 

£ < — — . 

4 77 -3 



Provided that (5^ < |, there exists a compact set K D U) such that 




1 (77 - 1)(377 - 11) e' 

2 n-3 ^ 2 



1 (77 - 1)(377 - 11) £ 

2 ^ ~ 



|Wi| 

-bp 



77-3 2 

and such that for any VF^^^-function (p supported in K, the following L^-estimate holds 
(Lemma 12.51) : 



X" 



(77-1)2 
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We set "0 — |Wi| — Ce '''' where C is chosen so large that V' < on K. Then -0 satisfies 



1 (n - l)(3n - 11) e 

2 n-2, ^ 2 



(3.8) 



We also define -0+ = niaxj?/', 0} and note that G VF^^^ and supp -0+ C X \ if. From 
Inequality (|3.8I) . we get 

■(n-l)2 



< - 



lp+/\tpdVg 



< 



1 (71 - l)(3n - 11) e 

2 n-3 ^ 2 



(V^+)'d\^3, 



1 (n - l)(n - 5)2 
4 n-3 



— e 



X" 



From our assumption on e, this immediately implies that 7/^+ = 0, that is to say 

|Wi| < Ce-''P, 

or equivalently, 

|W| < Ce 



Since n > 



1 jn-iy 

2 n-3 



> 2. In particular, from Proposition 13.51 we conclude that the 



manifold {X",g) is C^^'^-conformally compact for some /i e (0;1). So it falls into the 
assumptions of Theorem 13.31 This concludes the proof of Theorem 13.41 for n > 8. 

If n = 7, then ^^5^ — i > ^ — '^^T^ we can no longer apply Proposition 12.171 for this 
value of a. Instead we choose a — — 1. Inequality (13. 6p becomes 



AlWil > 



-oil) 



|Wi 



Setting 6 := 3 + (5, it can be checked that e '''' satisfies 



8+- + o(l) 



.-bp 



outside some compact subset. We can then rephrase the previous proof, the only point to 
note is that 



(n- 1)2 



= 9 > 



This is what allows the use of the asymptotic L^.ggt^jj^^^ate (Lemma 



□ 



4. Applications 

Together with Theorem 11.21 the rigidity result [161 Theorem 1.6] implies 

Theorem 4.1. Suppose that {X"',g), n > 7 is a complete noncompact Einstein manifold 
with an essential set D and that X" is simply connected at infinity. If we further assume 
llW||iP(X'>.g) < 00 for some p satisfying 1 < p < -^^^^ then (X", g) is isometric to H". 
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Proof. By Theorem 13. 4[ we know that there exits a constant C > such that 

|W| < Ce"("+i)''. 

On the other hand, by a direct refinenemt of the proof of Lemma 12.31 we also have 

|VW| < C'e-^'^+i)" 

for some constant C > 0. See also ^ Theorem 4.3]. The theorem then follows from [T5J 
Theorem 5.1]. □ 

As another application, we consider a similar question for static vacuum spacetimes. We 
recall that an {n + l)-dimensional static spacetime (N^^-^jg) is a solution of the vacuum 
Einstein equations 

Seal 

Ric - —g + Ag^O 

of the form 

7V"+i = M X Af", 
g = -V^dt^ + h 

where (Af", h) is a Riemannian manifold, y is a positive function on Af " and A is the 
so-called cosmological constant which we choose equal to — "^"^ . The vacuum Einstein 
equations can be written in terms of h and V as 

, Hess(y) 

RiCh + nh^ (4.1) 

and 

AhV = nV. (4.2) 

Computing the trace of these two equations, we see that h has constant scalar curvature 
Seal = —n{n — 1). We will often just call the triple (Af", h, V) a static vacuum. We set 

E := Rmn - K, 

As another application of Theorem II. 2[ we state the following theorem: 

Theorem 4.2. Suppose given {M"',h,V) a static vacuum with n > 6 such that (M,h) 
has an essential set D and V |i<^|^(iV/i < oo, for some p G (l; ^) . If we further assume 
that {dV, dp) > outside of D, then there exists a constant C > such that 

\E\ < Ce-^''+^'>P 



and 

Hess(l/) 
V 

where p is the distance to the essential set 



- h 



< Ce'^''+^^P, 



Remark 4.3. The assumption (dV,dp) > outside D is natural and reasonable. Indeed, 
it is expected that V grows as e^ at infinity. More precisely, V is expected to have the 
following expansion at infinity: V = ve^ + 0(1), where v{x) = v{x'^) is a positive 
function depending only on the projection of a point on the boundary of the essential set. 
The assumption {dV, dp) > outside some compact set then can be seen as a consequence 
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of the fact that Vb = ve'' is a nice approximate solution of the equation /\V — nV . We 
refer the reader to [T7] and [13] for more details. 

Notice that for static vacuum (M", h, V), the Riemannian metric g — V^dO^ + /i is an 
Einstein metric on §^ x M . Hence we consider the Einstein manifold (S^ x M, V'^dO^ + h). 
For convenience, in the following, the index refers to the direction dg. Latin indices take 
values 1 to n and refer to coordinates on M. 

In order to prove Theorem 14.21 we need the following two lemmas: 

Lemma 4.4. Let {M'^,h,V) be a static vacuum, if Jj^^ V\E\^dVh < oo, then 

( \^g\ldVg < oo. 

Proof. By a direct computation, using Equations (|4.1I) and (|4.2I) . we get 

Wijki (g) — Eijki , 
Wojkiig) = 0, 

W0M9) - -V'iv-'ylv -h) = -v^T, 

and 

mg)\l = \E\l + A\T\l. 
Note that Tik — h^'' Eijki, thus there is a constant C = C{n) such that 

\E\h<\^s\g<C\E\u. 

Therefore the assumption 

/ V\E\ldVh < 00 

J A/" 

is equivalent to 

/ |W,|PdK, < 00. 

□ 

Lemma 4.5. Let {M^,h,V) he a static vacuum. Lf {AI"-,h) has an essential set B, p is 
the distance to D and {dp,dV) > outside D, then the manifold (S^ x M^,g) admits an 
essential set. 

Proof. From 11, Lemma 2.5.11], the existence of an essential set is a consequence of the 
following two facts: 

1. seCg < outside a compact subset if C §^ x M, 

2. there exists a proper smooth function / whose Hessian is positive definite outside 
K. 

We note that the assumption {dp, dV) > outside V implies in particular that inf V = 
infx> V {V grows along the gradient lines of p). This implies that the metric g has injectivity 
radius bounded from below. Then, mimicking the proof of Lemma 12.31 and using Lemma 
14.41 we get that |Wg| — at infinity. This proves the first point. 
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Next we extend p to x M by making it constant along the circles The Hessian 
of p can be computed explicitely: 

V^^^o - 

yil^p^V{dp,dV). 

It is then straightforward to see from the assumptions that Hess®(p) is positive definite 
outside 27. This proves the lemma. □ 

Theorem l4.2l is then a consequence of Theorem l3. 41 applied to the metric g = V^dO^ + h. 
If we further assume that M is spin, then we fall into the assumptions of [IHl Theorem 
1] (See also Theorem 1.2 in [22]) so we get the following theorem: 

Theorem 4.6. Suppose that (M" , h,V) is a static vacuum with n > 6. Assume further 
that 

1. M is spin, 

2. (M, h) has an essential set O, 

3. {dp, dV) > outside B, 

4- and ^j^j^ V\E\^,^dVh < oo for some p £ (l; f ) 

then (M", h) is the hyperbolic space and V = cosh(r), where r is the distance function to a 
certain point Xq G M. Equivalently, the spacetime (R x M , —V'^ dt'^ + h) is the anti-deSitter 
space. 
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